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Abstract
In this paper, we incorporate the modular S4 flavor symmetry into the supersymmetric
version of the minimal type-I seesaw model, in which only two right-handed neutrino singlets
are introduced to account for tiny Majorana neutrino masses, and explore its implications for
the lepton mass spectra, flavor mixing and CP violation. The basic idea is to assign two right-
handed neutrino singlets into the unique two-dimensional irreducible representation of the
modular S4 symmetry group. Moreover, we show that the matter-antimatter asymmetry in
our Universe can be successfully explained via the resonant leptogenesis mechanism working
at a relatively-low seesaw scale ΛSS ≈ 107 GeV, with which the potential problem of the
gravitino overproduction can be avoided. In this connection, we emphasize that the observed
matter-antimatter asymmetry may lead to a stringent constraint on the parameter space and
testable predictions for low-energy observables.
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1 Introduction
Neutrino oscillation experiments in the past two decades have firmly established that neutrinos
are massive and lepton flavor mixing is significant [1,2]. To account for tiny neutrino masses, one
can naturally extend the standard model (SM) by introducing three right-handed neutrinos NiR
(for i = 1, 2, 3), which are singlets under the SU(2)L × U(1)Y gauge group of the SM. Therefore,
the gauge-invariant Lagrangian relevant for lepton masses and flavor mixing can be written as
−Llepton = `LYlHER + `LYνH˜NR +
1
2
NCRMRNR + h.c. , (1.1)
where `L and H denote the left-handed lepton doublet and the Higgs doublet, ER and NR are
the right-handed charged-lepton and neutrino singlets, MR is the Majorana mass matrix of right-
handed neutrinos. In Eq. (1.1), H˜ ≡ iσ2H∗ and NCR ≡ CNR
T
with C = iγ2γ0 being the charge-
conjugation matrix have been defined. After the Higgs doublet acquires its vacuum expectation
value (vev), i.e., 〈H〉 = (0, v/√2)T with v ≈ 246 GeV, the gauge symmetry is spontaneously broken
down, and the charged-lepton and Dirac neutrino mass matrices are given by Ml ≡ Ylv/
√
2 and
MD = Yνv/
√
2, respectively. At the low-energy scale, the effective Majorana neutrino mass matrix
is then obtained via the famous seesaw formula Mν ≈ −MDM−1R MTD .1 In this canonical seesaw
model [3–6], given O(MD) ∼ 102 GeV at the electroweak scale, the smallness of light neutrino
masses O(Mν) . 0.1 eV can thus be ascribed to the heaviness of right-handed neutrino masses
O(MR) ∼ 1014 GeV, which are not subject to the spontaneous symmetry breaking and turn out
to be close to the energy scale of grand unified theories (GUT) at ΛGUT ≈ 2× 1016 GeV.
Although tiny neutrino masses can be well accommodated in the canonical seesaw model, the
flavor structures of all the relevant lepton mass matrices are left unspecified. As a consequence,
the model is in general lacking of predictive power for lepton mass spectra, flavor mixing pattern
and CP violation [7]. To further reduce the number of free parameters, one can consider the
so-called minimal seesaw model (MSM) [8–10], in which only two right-handed neutrino singlets
are introduced. In such a minimal scenario, the lightest neutrino appears to be massless, namely,
m1 = 0 in the case of normal neutrino mass ordering (NO) with m1 < m2 < m3 or m3 = 0
in the case of inverted neutrino mass ordering (IO) with m3 < m1 < m2. Given ∆m
2
21 ≡
m22 − m21 ≈ 7.39 × 10−5 eV2 and |∆m231| ≡ |m23 − m21| ≈ 2.53 × 10−3 eV2 from the global-fit
analysis of current neutrino oscillation data [11], we have m1 = 0, m2 =
√
∆m221 ≈ 8.6 meV and
m3 =
√
∆m231 ≈ 50.3 meV in the MSM with NO or m3 = 0, m1 =
√|∆m231| ≈ 50.3 meV and
m2 =
√|∆m231|+ ∆m221 ≈ 50.4 meV in the MSM with IO. In addition, the MSM also provides a
natural framework to realize realistic and testable neutrino mass models at the TeV scale [12,13].
On the other hand, the observed pattern of leptonic flavor mixing can be explained by further
imposing non-Abelian discrete flavor symmetries on the generic Lagrangian of the seesaw model.
See, e.g., Refs. [14–18], for recent reviews on this topic. The basic strategy for the model building
with discrete flavor symmetries is to suppose that there exists an overall discrete symmetry in the
1In this paper, we shall adopt the left-right convention for all the fermion mass terms. Therefore, the Majorana
mass term of ordinary left-handed neutrinos in the Lagrangian reads −νLMννCL /2 + h.c. This convention should be
taken care of when one works in the supersymmetric framework, where the superpotential is usually constructed
in terms of the left-handed chiral superfields.
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theory at some high-energy scale, which is then broken down into distinct residual symmetries
in the charged-lepton and neutrino sectors at low-energy scales [19–24]. However, the breaking
pattern of the discrete symmetries usually requires a number of scalar fields (i.e., flavons), which
are singlets under the SM gauge symmetries, and the flavor mixing pattern is then essentially
determined by the vev’s of those flavons. Therefore, these neutrino mass models with discrete
flavor symmetries suffer from the problems how to experimentally pin down the free parameters
associated with the flavon fields and how to directly prove the existence of the flavons themselves.
In this regard, the recent suggestion of modular symmetries as a solution to the flavor mixing
puzzle is attractive and deserves further investigations [25]. Under one single modular symmetry,
the Yukawa couplings in the lepton sector take the modular forms, in which only one complex
parameter, i.e., the modulus τ , is involved. Once the value of τ is fixed, the modular symmetry
is broken and the leptonic flavor mixing pattern is determined with a limited number of free
coupling constants that are unconstrained by the modular symmetry. In this case, the flavon
fields are no longer needed. In the literature, there have been a great number of works on the
model building based on the modular group ΓN , which for a given value of N is isomorphic to
the well-known non-Abelian discrete symmetry groups, e.g., Γ2 ' S3 [26–29], Γ3 ' A4 [?, 30–39],
Γ4 ' S4 [41–43] and Γ5 ' A5 [44–46]. Moreover, other interesting aspects of modular symmetries
have also been studied, such as the combination of modular symmetries and the generalized CP
symmetry [47], multiple modular symmetries [48,49], the double covering of modular groups [50],
the A4 symmetry from the modular S4 symmetry [51, 52], the modular residual symmetry [?, 53]
and the unification of quark and lepton flavors with modular invariance [55].
In this paper, we investigate the generic MSM with the modular S4 symmetry and explore its
implications for lepton mass spectra, flavor mixing and CP violation. The main motivation for
such an investigation is to take the advantages of the minimality of the MSM and the predictive
power of the modular symmetry. Two salient features of such a theoretical setup should be
emphasized. First, those two right-handed neutrinos in the MSM are naturally assigned into the
two-dimensional irreducible representation of the S4 group [43, 56]. Without the introduction of
the flavon fields, the number of free model parameters will be kept as minimal as possible. Second,
we demonstrate that the baryon number asymmetry in the present Universe, which is characterized
by the baryon-to-photon density ratio ηB ≡ (nb−nb)/nγ = (6.131±0.041)×10−10 as observed by
the Planck collaboration [57], can be successfully explained via the leptogenesis mechanism [58].
Different from Ref. [39], the resonant leptogenesis [59–63] is implemented in the MSM with the
modular S4 symmetry such that the seesaw scale can be as low as ΛSS ≈ 107 GeV, evading the
gravitino overproduction problem in the gauge-mediated supersymmetry breaking models [64–66].
As the modular symmetry is intrinsically working in the supersymmetric framework [24], the
supersymmetry breaking mechanism and the gravitino problem should be properly addressed in
order to consistently incorporate the thermal leptogenesis mechanism.
The remaining part of this paper is organized as follows. In Sec. 2, a brief summary of the
modular symmetry and the representations of the modular S4 symmetry is given. Two simple
but viable scenarios in the MSM with one single modular S4 symmetry are then proposed in
Sec. 3, where the low-energy phenomenology of lepton mass spectra, flavor mixing pattern and
CP violation in these models are also discussed. The renormalization-group running effects on the
3
lepton flavor mixing parameters are examined. In addition, we implement the resonant leptogenesis
mechanism in our models to account for the matter-antimatter asymmetry and make a connection
between low- and high-energy CP violation in Sec. 4. Finally, we summarize our main conclusions
in Sec. 5, and some properties of the modular S4 symmetry group are presented in Appendix A.
2 Modular S4 Symmetry
The basics of modular symmetries have been expounded in previous works [24], and the properties
of the modular S4 symmetry can be found in Refs. [42, 47]. In this section, we shall give a brief
introduction to the modular symmetry and establish our notations. In the supersymmetric theory
with a modular symmetry, the action is given by
S =
∫
d4xd2θd2θK(τ, τ , χ, χ) +
∫
d4xd2θW(τ, χ) +
∫
d4xd2θW(τ , χ) , (2.1)
where xµ (for µ = 0, 1, 2, 3), θα and θα˙ (for α, α˙ = 1, 2) are the superspace coordinates, K is the
Ka¨hler potential, and W is the superpotential. Additionally, τ stands for the modulus parameter
and the supermultiplet is denoted by χ, for which different supermultiplets will be distinguished
by the associated superscript χ(I). Under the modular transformations,
γ : τ → aτ + b
cτ + d
, χ(I) → (cτ + d)−kIρ(I)(γ)χ(I) , (2.2)
the action S in Eq. (2.1) must be invariant. In Eq. (2.2), γ is the element of the modular group
Γ with a, b, c and d being integers satisfying ad − bc = 1, τ is an arbitrary complex number in
the upper complex plane, ρ(I)(γ) denotes the representation matrix of the modular transformation
γ, and kI is the weight associated with the supermultiplet χ
(I). The modular group Γ has two
generators S and T , corresponding respectively to the basic transformations τ
S−→ −1/τ and
τ
T−→ τ + 1, and they fulfill the identities S2 = (ST )3 = 1 with 1 being the identity element. The
finite modular group of the level N is then defined as ΓN ≡ Γ/Γ(N), where Γ(N) is the principal
congruence subgroup of Γ. As we have mentioned in the previous section, ΓN with N ≤ 5 are
isomorphic to the permutation symmetry groups, namely, Γ2 ' S3, Γ3 ' A4, Γ4 ' S4 and Γ5 ' A5.
The invariance of S under the transformations in Eq. (2.2) demands that K(τ, τ , χ, χ) is in-
variant up to the Ka¨hler transformation K(τ, τ , χ, χ) → K(τ, τ , χ, χ) + f(τ, χ) + f(τ , χ),2 where
f(τ, χ) itself is invariant under the modular transformation. At the same time, the superpotential
W(τ, χ) is invariant as well and can be expanded in terms of the supermultiplets as follows
W(τ, χ) =
∑
n
∑
{I1,...,In}
YI1...In(τ)χ
(I1) · · ·χ(In) , (2.3)
where the coefficients YI1...In(τ) take the modular forms, transforming under ΓN as
YI1...In(τ)→ (cτ + d)
kY ρY (γ)YI1...In(τ) , (2.4)
2The most general Ka¨hler potential consistent with the modular symmetry may contain additional terms, as
recently pointed out in Ref. [67]. However, for a phenomenological purpose, we consider only the simplest form of
the Ka¨hler potential.
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where ρY is the representation matrix of ΓN and the even integer kY is the weight of YI1...In(τ). In
addition, kY and ρY must satisfy kY = kI1 + · · ·+ kIN and ρY ⊗ ρI1 ⊗ · · · ⊗ ρIN 3 1, respectively.
For the symmetry group Γ4 ' S4 of our interest, there are five linearly independent modular
forms of the lowest non-trivial weight kY = 2, denoted as Yi(τ) for i = 1, 2, · · · , 5, which form a
doublet 2 and a triplet 3′ under the modular S4 symmetry transformations [41], namely,
Y2(τ) ≡
(
Y1(τ)
Y2(τ)
)
, Y3′(τ) ≡
Y3(τ)Y4(τ)
Y5(τ)
 . (2.5)
The explicit expressions of Yi(τ) (for i = 1, 2, . . . , 5) are presented in Appendix A, where one can
also find how to derive the modular forms of higher weights from the products of modular forms
of the weight kY = 2.
Finally, we write down the superpotential relevant for lepton masses and flavor mixing in the
minimal supersymmetric standard model (MSSM) with the seesaw extension, i.e.,
W =
∑
i
αi
[
fl(τ)L̂
mĤdmÊ
C
]i
1
+
∑
i
gi
[
fD(τ)εmnL̂
mĤnu N̂
C
]i
1
+
1
2
∑
i
Λi
[
fR(τ)N̂
CN̂C
]i
1
, (2.6)
where L̂, ÊC and N̂C stand for the chiral superfields containing the left-handed lepton doublets,
right-handed charged-lepton singlets and right-handed neutrino singlets, respectively. Moreover,
Ĥu and Ĥd are the Higgs superfields with the hypercharges +1/2 and −1/2, and the contraction
of the SU(2)L doublets has been explicitly shown with the Levi-Civita symbol εmn (i.e., ε12 =
−ε21 = 1 and ε11 = ε22 = 0). Note that fl(τ), fD(τ) and fR(τ) are modular forms, which carry
the flavor index and transform nontrivially under the modular flavor symmetry, and they together
with the fermion superfields form the flavor singlets, each of which is labelled by the superscript i
and the subscript 1. Therefore, on the right-hand side of Eq. (2.6), the summation is taken over
all possible flavor singlets i together with the corresponding coefficients αi, gi and Λi. When the
modulus parameter τ is fixed, the modular symmetry is broken down and the superpotential reads
W = λlL̂mĤdmÊC + λDεmnL̂mĤnu N̂C +
1
2
λRN̂
CN̂C , (2.7)
where λl and λD turn out to be the charged-lepton and Dirac neutrino Yukawa coupling matrices,
respectively, while λR becomes the right-handed neutrino mass matrix. As a result, the flavor
structures of λl, λD and λR are dictated by the modular symmetry to a large extent.
After the supersymmetry breaking and the spontaneous breakdown of the SU(2)L × U(1)Y
gauge symmetry, one can obtain the lepton mass terms from Eq. (2.7), whose SM version has
been given just below Eq. (1.1). Converting into our left-right convention for the fermion mass
terms, we find the following correspondence between the lepton mass matrices and the Yukawa
coupling matrices in the MSSM framework
Ml = vdλ
∗
l /
√
2 , MD = vuλ
∗
D/
√
2 , MR = λ
∗
R , (2.8)
where vd = v cos β and vu = v sin β with v ≈ 246 GeV are respectively the vev of the neutral scalar
component field of Ĥd and that of Ĥu, with tan β ≡ vu/vd being their ratio, and “∗” denotes the
complex conjugation.
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3 Low-energy Phenomenology
After setting up the framework, now we propose two viable scenarios of the MSM with the modular
S4 symmetry and explore their implications for the low-energy observables. Some general remarks
on the model building are helpful.
• As we have already stressed, two right-handed neutrino singlets {N̂C1 , N̂C2 } can naturally be
assigned into the unique two-dimensional irreducible representation 2 of the S4 symmetry
group. Such an assignment will always be assumed in the present work.
• Three lepton doublets {L̂1, L̂2, L̂3} are arranged as a triplet 3 under the S4 symmetry, while
three charged-lepton singlets {ÊC1 , ÊC2 , ÊC3 } should be assigned into the trivial 1 or nontrivial
1′ singlets of S4. Otherwise, it will be difficult to accommodate the strong mass hierarchy
of three charged leptons, namely, me  mµ  mτ .
• The Higgs doublets {Ĥu, Ĥd} are naturally assigned into the trivial representation 1 under
the S4 symmetry. In this case, their modular weights ku and kd are both vanishing. As a
consequence, the remaining part of the MSSM irrelevant for leptonic flavor mixing need not
be changed.
Given the above assignments, we are then left with the coefficients fl(τ), fD(τ) and fR(τ) in
Eq. (2.6), which are modular forms with the modular weights being positive and even integers.
Once the weights of supermultiplets are fixed, those of modular forms can be determined from the
identity kY = kI1 + · · ·+ kIN . Since the explicit expressions of fl(τ), fD(τ) and fR(τ) with specific
weights are known, one can figure out the mass matrices of both charged leptons and neutrinos,
from which the lepton mass spectra and flavor mixing parameters can be extracted. Due to the
freedom in choosing the weights of supermultiplets, we follow the criterion that the number of
free model parameters should be as small as possible. More explicitly, we first count the number
of low-energy observables: three charged-lepton masses {me,mµ,mτ}, two independent neutrino
mass-squared differences {∆m221, |∆m231|}, three mixing angles {θ12, θ13, θ23} and one Dirac CP-
violating phase δ. Thus the number of free model parameters should be no more than nine in
order to have predictive power for the other parameters, such as the Majorana CP-violating phase.
To this end, we restrict the weights of fl(τ), fD(τ) and fR(τ) into the value ranging from 2 to 6.
After a systematic analysis, two classes of distinct models surviving current neutrino oscillation
data have been found and will be discussed in detail in the following two subsections.
3.1 Model A
In the first model, the charge assignments of the chiral superfields and the couplings under the
SU(2)L gauge symmetry and the modular S4 symmetry have been summarized in Table 1, where
the corresponding modular weights are listed in the last row. Some explanations for the assign-
ments of all the Yukawa couplings are necessary. The charged-lepton Yukawa couplings fe(τ),
fµ(τ), fτ (τ) are set to be the triplet 3
′ with a weight of 2, 3 with a weight of 4, and 3 with a
weight of 6, respectively. On the other hand, two triplets fD(τ) and f
′
D(τ) with the weight of 6
will be introduced. One of them is set to 3, while the other is 3′. However, there are two distinct
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Table 1: The charge assignments of the chiral superfields and the relevant couplings under the
SU(2)L gauge symmetry and the modular S4 symmetry in Model A, with the corresponding
modular weights listed in the last row.
L̂ ÊC1 , Ê
C
2 , Ê
C
3 N̂
C Ĥu Ĥd fe(τ), fµ(τ), fτ (τ) fD(τ), f
′
D(τ) fR(τ)
SU(2)L 2 1 1 2 2 1 1 1
S4 3 1
′,1,1 2 1 1 3′,3,3 3,3′ 2
−kI −5 3, 1,−1 −1 0 0 ke,µ,τ = 2, 4, 6 kD = 6 kR = 2
forms of 3′ with a weight of 6, as one can see from Eq. (A.18) in Appendix A, so both of them
should in principle enter into the model. In this case, we could not avoid introducing more than
eight free parameters, which makes our model less economical and predictive. Therefore, we will
mainly focus on the scenario where only one of these two forms are retained. Numerically we find
that Y
(6)
3′,2 for the 3
′ with a weight 6 in Eq. (A.18) could not lead to realistic flavor mixing and the
relatively simple form Y
(6)
3′,1 is the only choice for f
′
D(τ) in Model A. At the end of this subsection,
we shall also consider both Y
(6)
3′,1 and Y
(6)
3′,2, and explore their phenomenological implications.
Now it is straightforward to verify that the superpotential is invariant under the modular S4
symmetry and can be decomposed into three parts W =Wl +WD +WR with
Wl = α1
[(
L̂ÊC1
)
3′
(fe(τ))3′
]
1
Ĥd + α2
[(
L̂ÊC2
)
3
(
fµ(τ)
)
3
]
1
Ĥd + α3
[(
L̂ÊC3
)
3
(fτ (τ))3
]
1
Ĥd ,
WD = g1
[(
L̂N̂C
)
3
(fD(τ))3
]
1
Ĥu + g2
[(
L̂N̂C
)
3′
(f ′D(τ))3′
]
1
Ĥu ,
WR =
1
2
Λ
[(
N̂CN̂C
)
2
(fR(τ))2
]
1
, (3.1)
where the isospin indices of the SU(2)L doublets have been suppressed and the representations of
the S4 symmetry have been explicitly indicated. By using the product rules of the S4 symmetry
group collected in Appendix A, we can obtain the charged-lepton mass matrix
Ml =
vd√
2
α1Y3 −2α2Y2Y3 α3Y1(Y 24 − Y 25 )α1Y5 α2(√3Y1Y4 + Y2Y5) −α3Y3(Y1Y4 +√3Y2Y5)
α1Y4 α2(
√
3Y1Y5 + Y2Y4) α3Y3(Y1Y5 +
√
3Y2Y4)

∗
, (3.2)
and the Dirac neutrino mass matrix
MD =
vu√
2
 g1

Y1(Y
2
4 − Y 25 ) 0
1
2
Y3(Y1Y4 +
√
3Y2Y5)
√
3
2
Y3(Y1Y5 +
√
3Y2Y4)
−1
2
Y3(Y1Y5 +
√
3Y2Y4) −
√
3
2
Y3(Y1Y4 +
√
3Y2Y5)

+g2(Y
2
1 + Y
2
2 )

0 −Y3√
3
2
Y4
1
2
Y5√
3
2
Y5
1
2
Y4


∗
, (3.3)
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where the complex conjugation “∗” on the right-hand side should be noticed as we have explained
in Eq. (2.8). Without loss of generality, we can choose αi (for i = 1, 2, 3) in Eq. (3.2) to be real
and positive. Since the overall phase of any lepton mass matrix is irrelevant for lepton masses and
flavor mixing, one can take g1 in Eq. (3.3) to be real and it is convenient to parametrize the other
complex parameter as g2/g1 ≡ g˜ = geiφg with g = |g˜| and φg ≡ arg(g˜). In addition, the Majorana
mass matrix of right-handed neutrinos is given by
MR = Λ
(
−Y1 Y2
Y2 Y1
)∗
, (3.4)
where Λ is real and positive parameter characterizing the absolute scale of heavy Majorana neu-
trino masses. With the help of the seesaw formula Mν ≈ −MDM−1R MTD , we finally arrive at the
effective neutrino mass matrix Mν and will be able to explore its implications for lepton mass
spectra and flavor mixing.
Given the complex parameter τ (or equivalently two real parameters Re τ and Im τ), one can
determine three model parameters vdα3/
√
2, α1/α3 and α2/α3 from the observed charged-lepton
masses me = 0.511 MeV, mµ = 105.7 MeV and mτ = 1776.86 MeV [2]. Since the absolute scale
of neutrino masses is fixed by v2ug
2
1/(2Λ), we are left with only two free parameters g and φg,
which together with Re τ and Im τ will give rise to three neutrino mixing angles {θ12, θ13, θ23}, the
ratio of two neutrino mass-squared differences ∆m221/|∆m231|, the Dirac CP-violating phase δ and
the Majorana CP-violating phase σ. As the number of free parameters is two less than that of
the observables, the model under consideration should be predictive. Then we proceed to explore
the phenomenological implications for lepton mass spectra, flavor mixing and CP violation. To
confront our model with the latest neutrino oscillation data, we perform a numerical analysis and
demonstrate that the predictions are compatible with the experimental data only in the NO case
at the 3σ level. Our strategy for numerical analysis is outlined below.
• First of all, the modulus parameter τ is randomly generated in the fundamental domain G,
which is defined as
G = {τ ∈ C : Im τ > 0, |Re τ | ≤ 0.5, |τ | ≥ 1} . (3.5)
This domain can be identified by using the basic properties of the modular forms as clearly
explained in Ref. [42]. Another interesting feature of the modular forms should be noticed.
If the replacement τ → −τ ∗ is made in Eq. (A.16), the modular forms Yi(τ) will change
to their complex-conjugate counterparts, i.e., Yi(−τ ∗) = Y ∗i (τ). If we further replace g˜
with g˜∗ in MD, all the lepton mass matrices become their complex-conjugate counterparts.
Under such replacements, the theoretical predictions for all the experimental observables
keep unchanged except that the signs of all CP-violating phases should be reversed.
Once the values of {Re τ, Im τ} are randomly chosen, we can extract the parameters vdα3/
√
2,
α1/α3 and α2/α3 from the following identities
Tr
(
MlM
†
l
)
= m2e +m
2
µ +m
2
τ , (3.6)
Det
(
MlM
†
l
)
= m2em
2
µm
2
τ , (3.7)
1
2
[
Tr
(
MlM
†
l
)]2
− 1
2
Tr
[
(MlM
†
l )
2
]
= m2em
2
µ +m
2
µm
2
τ +m
2
τm
2
e . (3.8)
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Table 2: The best-fit values, the 1σ and 3σ intervals, together with the values of σi being the
symmetrized 1σ uncertainties, for three neutrino mixing angles {θ12, θ13, θ23}, two mass-squared
differences {∆m221,∆m231 or ∆m232} and the Dirac CP-violating phase δ from a global-fit analysis
of current experimental data [11].
Parameter Best fit 1σ range 3σ range σi
Normal neutrino mass ordering (m1 < m2 < m3)
sin2 θ12 0.310 0.298 — 0.323 0.275 — 0.350 0.0125
sin2 θ13 0.02241 0.02176 — 0.02307 0.02046 — 0.02440 0.000655
sin2 θ23 0.558 0.525 — 0.578 0.427 — 0.609 0.0265
δ/◦ 222 194 — 260 141 — 370 33
∆m221/[10
−5 eV2] 7.39 7.19 — 7.60 6.79 — 8.01 0.205
∆m231/[10
−3 eV2] +2.523 +2.493 — +2.555 +2.432 — +2.618 0.031
Inverted neutrino mass ordering (m3 < m1 < m2)
sin2 θ12 0.310 0.298 — 0.323 0.275 — 0.350 0.0125
sin2 θ13 0.02261 0.02197 — 0.02328 0.02066 — 0.02461 0.000655
sin2 θ23 0.563 0.537 — 0.582 0.430 — 0.612 0.0225
δ/◦ 285 259 — 309 205 — 354 25
∆m221/[10
−5 eV2] 7.39 7.19 — 7.60 6.79 — 8.01 0.205
∆m232/[10
−3 eV2] −2.509 −2.539 — −2.477 −2.603 — −2.416 0.031
So far all the parameters in Ml have been determined. It is then easy to diagonalize the
charged-lepton mass matrix via U †lMlM
†
l Ul = Diag
{
m2e,m
2
µ,m
2
τ
}
, from which the unitary
matrix Ul can be obtained.
• Next the values of the other two parameters g ∈ [0, 10] and φg ∈ [0◦, 360◦) are randomly
generated. Therefore, the effective neutrino mass matrix Mν is determined up to the overall
scale parameter v2ug
2
1/(2Λ), which can be fixed by Tr
[
MνM
†
ν
]
= m22 + m
2
3 = ∆m
2
21 + ∆m
2
31
in the NO case or Tr
[
MνM
†
ν
]
= m21 + m
2
2 = 2|∆m232| − ∆m221 in the IO case. In practice,
we also randomly choose two neutrino mass-squared differences in their allowed ranges and
then Mν is numerically known. After diagonalizing Mν via U
†
νMνU
∗
ν = Diag {m1,m2,m3},
we get the unitary matrix Uν . Hence, the lepton flavor mixing matrix U = U
†
l Uν can be
calculated by using Ul and Uν . In the standard parametrization [2], we have
U =
 c12c13 s12c13 s13e−iδ−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13
 ·
1 eiσ
1
 , (3.9)
where cij ≡ cos θij and sij ≡ sin θij (for ij = 12, 13, 23) have been defined, δ and σ are the
Dirac and Majorana CP-violating phases, respectively. Note that the lightest neutrino mass
in the MSM is vanishing, so we are left with only one Majorana CP-violating phase.
To find out the allowed parameter space of {Re τ, Im τ} and {g, φg}, we implement the global-
fit results from NuFIT 4.1 [11] without including the atmospheric neutrino data from Super-
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Figure 1: Allowed ranges of the model parameters {Re τ, Im τ} and {g, φg} and the constrained
ranges of low-energy observables in the NO case in Model A, where the 3σ ranges of neutrino
mixing parameters and mass-squared differences from the global-fit analysis of neutrino oscillation
data have been input [11]. Notice that the best-fit values from our χ2-fit analysis are indicated by
the black stars.
Kamiokande. The best-fit values of three neutrino mixing angles {θ12, θ13, θ23}, two neutrino
mass-squared differences {∆m221,∆m231} (or {∆m221,∆m232}), the Dirac CP-violating phase δ and
their 1σ and 3σ ranges in the NO (or IO) case are summarized in Table 2. Note that although the
current constraint on δ from the global-fit results is rather weak, we still include the information
of δ in the numerical analysis to further restrict the parameter space in our models. The allowed
10
parameter space and the constraint on the mixing parameters and other low-energy observables
have been shown in Fig. 1. Some comments on the numerical results are in order.
• To determine the model parameters from neutrino oscillation data and demonstrate how
well the model is consistent with observations, we construct the χ2-function by regarding the
best-fit values qbfj of the oscillation parameters qj ∈ {sin2 θ12, sin2 θ13, sin2 θ23,∆m221,∆m231, δ}
from the global analysis in Ref. [11] as experimental measurements, namely,
χ2(pi) =
∑
j
(
qj(pi)− qbfj
σj
)2
, (3.10)
where pi ∈ {Re τ, Im τ, g, φg} stand for four free model parameters, and qj(pi) denote the
model predictions for observables. The uncertainties σj have been derived by symmetrizing
1σ uncertainties from the global-fit analysis, which have already been given in Table 2.
This setup is for the NO case, while for the IO case the oscillation parameters are instead
taken to be qj ∈ {sin2 θ12, sin2 θ13, sin2 θ23, ∆m221,∆m232, δ}. Once the model parameters are
known, we can get the constraints on the observables qj, as well as the predictions for the
Majorana CP-violating phase σ and the effective neutrino mass mβ for beta decays and mββ
for neutrinoless double-beta decays, which will be discussed later on.
• The allowed parameter space of {Re τ, Im τ} and {g, φg} exists only in the NO case at the
3σ level. As one can observe from the constrained range of θ23 in the second row of the left
panel in Fig. 1, only relatively small values of θ23 survive. In particular, the maximal value
of θ23 is no more than 42.5
◦, whereas the best-fit value from the global-fit analysis is 48.3◦
in the NO case or 48.6◦ in the IO case.
• The allowed parameter space of Re τ contains two well separated regions −0.45 < Re τ <
−0.38 and 0.38 < Re τ < 0.48. However these two regions are not exactly centered on
the axis Re τ = 0 since the constraint on δ from the global-fit results has been taken into
account. Meanwhile, this is also the case for the phase φg, namely, 17
◦ < φg < 45
◦ and
310◦ < φg < 343
◦. Based on the χ2-fit analysis, we obtain the minimum χ2min = 35.4 in the
NO case, which corresponds to the following best-fit values of the model parameters
Re τ = 0.432 , Im τ = 1.11 , g = 1.63 , φg = 322
◦ , (3.11)
which together with the charged-lepton masses mα (for α = e, µ, τ) lead to vdα3/
√
2 =
1.57 GeV, α1/α3 = 3.10 × 10−4 and α2/α3 = 3.92 × 10−2. In addition, the absolute scale
of neutrino masses is given by v2ug
2
1/(2Λ) = 9.89 meV. With these best-fit values of model
parameters, we get the neutrino mass spectrum m1 = 0, m2 = 8.63 meV and m3 = 50.2 meV,
three mixing angles θ12 = 34.1
◦, θ13 = 8.70
◦ and θ23 = 41.2
◦, and two CP-violating phases
δ = 341◦ and σ = 24.4◦.
• Since the neutrino mass spectrum and the mixing parameters are known, we can predict the
effective neutrino mass for beta decays, i.e.,
mβ ≡
√
m21|Ue1|2 +m22|Ue2|2 +m23|Ue3|2 . (3.12)
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For the MSM in the NO case, we have m1 = 0 and thus the effective neutrino mass can be
easily calculated. Given the best-fit values sin2 θ12 = 0.313 and sin
2 θ13 = 0.0229 that we
have already obtained, together with ∆m221 = 7.44×10−5 eV2 and ∆m231 = 2.521×10−3 eV2,
one arrives at
mβ =
√
∆m221 cos
2 θ13 sin
2 θ12 + ∆m
2
31 sin
2 θ13 = 8.97 meV . (3.13)
The latest result from the KATRIN experiment, where the electron energy spectrum from
tritium beta decays is precisely measured, indicates mβ < 1.1 eV at the 90% confidence
level [68, 69]. With more data accumulated in KATRIN, the upper bound will be improved
tomβ < 0.2 eV. However, taking into account of the 3σ ranges of neutrino mixing parameters
and mass-squared differences, we obtain 8.5 meV . mβ . 9.5 meV in our model. This is
far below the future sensitivity of KATRIN.
• Furthermore, ordinary neutrinos turn out to be Majorana particles in the seesaw model,
indicating that the neutrinoless double-beta decays of some even-even heavy nuclei could
take place. The effective neutrino mass relevant for neutrinoless double-beta decays is usually
defined as
mββ ≡ |m1U2e1 +m2U2e2 +m3U2e3| , (3.14)
which can be computed with m1 = 0 in our model. Given the best-fit values of the free
model parameters in Eq. (3.11), we find that the best-fit value of mββ in Model A is
3.78 meV. The 3σ range of mββ is found to be 3.3 meV . mββ . 4.3 meV, as can be seen in
Fig. 1. Hence it is very challenging for the next-generation neutrinoless double-beta decay
experiments to reach a high enough sensitivity to observe a positive signal [70,71].
In summary, Model A is compatible with neutrino oscillation data only in the NO case at
the 3σ level, but we cannot find any viable parameter space of {Re τ, Im τ} and {g, φg} at the 1σ
level. As we shall show later, the successful leptogenesis can be realized in Model A only for
an extremely-high scale of heavy neutrino masses, namely, the lightest heavy Majorana neutrino
mass M1 & 1011 GeV, requiring a high reheating temperature.
Before closing this subsection, we briefly discuss the scenario where both Y
(6)
3′,1 and Y
(6)
3′,2 are
included in the superpotentialWD in Model A. In this scenario, an additional term is added into
the expression of WD, i.e.,
WD = g1
[(
L̂N̂C
)
3
(fD(τ))3
]
1
Ĥu + g2
[(
L̂N̂C
)
3′
(f ′D(τ))3′
]
1
Ĥu
+ g3
[(
L̂N̂C
)
3′
(f ′′D(τ))3′
]
1
Ĥu , (3.15)
where the form of f ′′D(τ) in the second line is taken to be Y
(6)
3′,2, as we have mentioned before, and
g3 is the extra complex coupling constant. After applying the product rule of the S4 symmetry
12
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Figure 2: Allowed ranges of the model parameters {Re τ, Im τ}, {g, φg} and {g′, φ′g} in the modified
version of Model A in the NO case , where the 1σ ranges of neutrino mixing parameters and mass-
squared differences from the global-fit analysis of neutrino oscillation data have been input [11].
Note that the best-fit values from our χ2-fit analysis are indicated by the black stars.
group, we can get the modified Dirac neutrino mass matrix
MD =
vug1√
2


Y1(Y
2
4 − Y 25 ) 0
1
2
Y3(Y1Y4 +
√
3Y2Y5)
√
3
2
Y3(Y1Y5 +
√
3Y2Y4)
−1
2
Y3(Y1Y5 +
√
3Y2Y4) −
√
3
2
Y3(Y1Y4 +
√
3Y2Y5)
+ g˜(Y 21 + Y 22 )

0 −Y3√
3
2
Y4
1
2
Y5√
3
2
Y5
1
2
Y4

+g˜′

0 −Y2(Y 25 − Y 24 )
−
√
3
2
Y3(Y2Y5 −
√
3Y1Y4)
1
2
Y3(Y2Y4 −
√
3Y1Y5)√
3
2
Y3(Y2Y4 −
√
3Y1Y5) −
1
2
Y3(Y2Y5 −
√
3Y1Y4)


∗
, (3.16)
where g˜′ = g′eiφ
′
g ≡ g3/g1 has been defined in the same way as for g˜. As one may expect, the
inclusion of Y
(6)
3′,2 brings two extra degrees of freedom into the model, leading to a better fit in the
modified model to the experimental data.
Following the same strategy as before, we find that the modified model is consistent with the
global-fit results even at the 1σ level in the NO case. The allowed parameter space of {Re τ, Im τ},
{g, φg} and {g′, φ′g} at the 1σ level is presented in Fig. 2, where we can see that the value of |Re τ | is
very close to 0.5. The minimum of the χ2-function is χ2min = 0.335, corresponding to the following
best-fit values of the model parameters
Re τ = −0.485 , Im τ = 1.22 , g = 0.861 , φg = 293◦ , g′ = 0.411 , φ′g = 349◦ , (3.17)
which together with the charged-lepton masses mα (for α = e, µ, τ) lead to vdα3/
√
2 = 2.10 GeV,
α1/α3 = 2.68× 10−4 and α2/α3 = 3.83× 10−2. Meanwhile, the absolute scale of neutrino masses
is given by v2ug
2
1/(2Λ) = 35.6 meV. The constrained ranges of low-energy observables are shown
in Fig. 3. Given the best-fit values of free model parameters in Eq. (3.17), we can find the
corresponding values of three neutrino masses m1 = 0, m2 = 8.60 meV and m3 = 50.1 meV, three
mixing angles θ12 = 33.7
◦, θ13 = 8.60
◦ and θ23 = 47.9
◦, two CP-violating phases δ = 235◦ and
σ = 90.6◦. Additionally, we have the effective neutrino mass mβ = 8.86 meV for beta decays and
mββ = 3.17 meV for neutrinoless double-beta decays.
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Figure 3: The constrained ranges of low-energy observables, including three neutrino mixing angles
{θ12, θ13, θ23}, two CP-violating phases {δ, σ}, the effective neutrino masses {mβ,mββ} and the
absolute neutrino mass m2, in the modified version of Model A in the NO case, where the 1σ
ranges of neutrino mixing parameters and mass-squared differences from the global-fit analysis
of neutrino oscillation data have been input [11]. The best-fit values from our χ2-fit analysis are
indicated by the black stars.
3.2 Model B
In Model B, the charge assignments of the superfields and the couplings under the SU(2)L gauge
symmetry and the modular S4 symmetry have been given in Table 3, where the corresponding
modular weights are listed in the last row. As one can see from Table 3, the charge assignments
are quite similar to those in Model A. In particular, all the modular weights are exactly the
same. However, these two models differ significantly in the charged-lepton sector. Now that both
ÊC2 and Ê
C
3 are assigned into 1
′ under the S4 symmetry group, the representations of fµ(τ) and
fτ (τ) are accordingly changed to be 3
′. Notice that fτ (τ) is assigned as the 3
′ representation
with a weight of 6, so again we are facing with two choices Y
(6)
3′,1 and Y
(6)
3′,2 for fτ (τ). Notice also
that Y
(6)
3′,1 = (Y
2
1 + Y
2
2 )(Y3, Y4, Y5)
T is linearly proportional to Y
(2)
3′ = (Y3, Y4, Y5)
T. If both Y
(2)
3′
for fe(τ) and Y
(6)
3′,1 for fτ (τ) were adopted, the charged-lepton mass matrix Ml would have two
different rows that are proportional to each other, reducing the rank of Ml to two and thus leading
to me = 0. Since this is obviously in contradiction with observations, Y
(6)
3′,2 serves as the unique
14
Table 3: The charge assignments of the chiral superfields and the relevant couplings under the
SU(2)L gauge symmetry and the modular S4 symmetry in Model B, with the corresponding
modular weights listed in the last row.
L̂ ÊC1 , Ê
C
2 , Ê
C
3 N̂
C Ĥu Ĥd fe(τ), fµ(τ), fτ (τ) fD(τ), f
′
D(τ) fR(τ)
SU(2)L 2 1 1 2 2 1 1 1
S4 3 1
′,1′,1′ 2 1 1 3′,3′,3′ 3,3′ 2
−kI −5 3, 1,−1 −1 0 0 ke,µ,τ = 2, 4, 6 kD = 6 kR = 2
choice for fτ (τ).
In a similar way as for Model A, we can write down the modular invariant superpotential in
the lepton sector and derive the charged-lepton mass matrix
Ml =
vd√
2
α1Y3 2α2Y1Y3 α3Y2(Y 25 − Y 24 )α1Y5 α2(√3Y2Y4 − Y1Y5) α3Y3(Y2Y4 −√3Y1Y5)
α1Y4 α2(
√
3Y2Y5 − Y1Y4) −α3Y3(Y2Y5 −
√
3Y1Y4)

∗
, (3.18)
and the Dirac neutrino mass matrix
MD =
vug1√
2


Y1(Y
2
4 − Y 25 ) 0
1
2
Y3(Y1Y4 +
√
3Y2Y5)
√
3
2
Y3(Y1Y5 +
√
3Y2Y4)
−1
2
Y3(Y1Y5 +
√
3Y2Y4) −
√
3
2
Y3(Y1Y4 +
√
3Y2Y5)

+g˜(Y 21 + Y
2
2 )

0 −Y3√
3
2
Y4
1
2
Y5√
3
2
Y5
1
2
Y4


∗
, (3.19)
where the real coefficient g1 has been factorized out from the square brackets on the right-hand
side of Eq. (3.19) and the complex parameter g˜ ≡ g2/g1 = geiφg has been introduced as before. In
addition, the Majorana mass matrix of right-handed neutrinos is given by
MR = Λ
(
−Y1 Y2
Y2 Y1
)∗
. (3.20)
The strategy to explore the allowed parameter space and the low-energy phenomenology in
Model B follows that in Model A, so we shall not repeat it here. It turns out that both NO
and IO cases are allowed in Model B even at the 1σ level. The allowed ranges of the model
parameters in the NO and IO cases are shown in Fig. 4 and Fig. 5, respectively. Some helpful
comments on the numerical results are in order.
• The numerical results in the NO case are shown in Fig. 4. As one can observe from two plots
in the first row, the whole range [−0.5, 0.5] of Re τ is allowed at the 3σ level while the phase
15
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Figure 4: Allowed ranges of the model parameters {Re τ, Im τ} and {g, φg} and the constrained
ranges of low-energy observables in the NO case in Model B, where the 1σ (yellow dots) and 3σ
ranges (red dots) of neutrino mixing parameters and mass-squared differences from the global-fit
analysis of neutrino oscillation data have been input [11]. The best-fit values from our χ2-fit
analysis are indicated by the black stars.
φg is restricted into the narrow region [0
◦, 40◦] or [320◦, 360◦]. However, at the 1σ level, two
disconnected regions −0.42 < Re τ < −0.08 and 0.20 < Re τ < 0.49 are forbidden because
either the mixing angle θ23 or the Dirac CP-violating phase δ can not reach their respective
1σ ranges in these regions. We find that the minimum χ2min = 0.30 is obtained in the NO
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Figure 5: Allowed ranges of the model parameters {Re τ, Im τ} and {g, φg} and the constrained
ranges of low-energy observables in the IO case in Model B, where the 1σ (yellow dots) and 3σ
ranges (red dots) of neutrino mixing parameters and mass-squared differences from the global-fit
analysis of neutrino oscillation data have been input [11]. The best-fit values from our χ2-fit
analysis are indicated by the black stars.
case with the following best-fit values of the model parameters
Re τ = 0.0934 , Im τ = 1.36 , g = 0.633 , φg = 31.0
◦ , (3.21)
which together with the charged-lepton masses mα (for α = e, µ, τ) give rise to vdα3/
√
2 =
2.06 GeV, α1/α3 = 1.00 × 10−3 and α2/α3 = 2.68 × 10−2. In addition, the absolute scale
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of neutrino masses is given by v2ug
2
1/(2Λ) = 75.3 meV. With these best-fit values of model
parameters, we get the neutrino mass spectrum m1 = 0, m2 = 8.60 meV and m3 = 50.2 meV,
three mixing angles θ12 = 34.1
◦, θ13 = 8.60
◦ and θ23 = 47.9
◦, and two CP-violating phases
δ = 231◦ and σ = 98.6◦. The effective neutrino masses mβ = 8.90 meV and mββ = 3.34 meV
are quite small, as usually expected in the NO case.
• The numerical results in the IO case are shown in Fig. 5. Unlike the NO case, the allowed
range of Re τ is highly constrained and only the narrow region −0.02 < Re τ < 0.01 survives
at the 1σ level. As one can observe from the top-left panel, the modulus parameter τ is
very close to a pure imaginary number, i.e., τ ≈ i. Moreover, the phase φg is restricted
into the region around 180◦ at the 1σ level. These two parameters essentially lead to very
constrained regions of the CP-violating phases, namely, δ ≈ 300◦ (or 60◦) and σ ≈ 60◦ (or
120◦). Performing the χ2-fit analysis in the IO case, we find that the minimum χ2min = 2.22
is achieved at
Re τ = 4.85× 10−3 , Im τ = 1.13 , g = 0.790 , φg = 178◦ , (3.22)
which together with the charged-lepton masses mα (for α = e, µ, τ) determine the other
parameters vdα3/
√
2 = 0.121 GeV, α1/α3 = 13.4 and α2/α3 = 2.38 × 10−3. The absolute
neutrino mass scale is given by v2ug
2
1/(2Λ) = 60.8 meV, and the neutrino mass spectrum
is found to be m3 = 0, m1 = 49.3 meV and m2 = 50.1 meV. In addition, three mixing
angles are θ12 = 33.9
◦, θ13 = 8.70
◦ and θ23 = 48.3
◦, while two CP-violating phases are
δ = 301◦ and σ = 57.0◦. The effective neutrino masses turn out to be mβ = 28.2 meV
and mββ = 30.4 meV, which will hopefully be tested in the next-generation beta decay and
neutrinoless double-beta decay experiments.
• In Appendix A, Eq. (A.16) reveals that the modular forms Yi(τ) (for i = 1, 2, . . . , 5) depend
on τ via q = e2piiτ . Since all the expansion coefficients are real, the complex phases of Yi(τ)
will be determined only by Re τ . Therefore there are totally two sources of CP violation
in the lepton sector, namely, Re τ and φg. From Eq. (3.22) we can see the best-fit value of
Re τ is quite small in the IO case while φg is very close to 180
◦. If Re τ = 0 and φg = 180
◦
exactly hold, Model B should posses the so-called generalized CP symmetry [47], which
gives trivially δ = 0 or 180◦. Then one may wonder how they can lead to relatively large
values of two CP-violating phases δ and σ, as shown in Fig. 5. In fact, the contributions
to δ and σ from Ml and MR are negligible since the imaginary parts of Ml and MR are
suppressed by Re τ , as we can observe from Eqs. (3.18) and (3.20). For this reason, CP
violation should be governed by nontrivial complex phases of MD. Although both Re τ and
Im g˜ = g sinφg are small, φg ≈ 180◦ implies that those two matrices in the square brackets
on the right-hand side of Eq. (3.19) have the opposite signs, resulting in a comparable real
and imaginary part of MD. This is why relatively large values of CP-violating phases δ and
σ come out eventually, which is also consistent with the conclusion drawn in Ref. [47].
In summary, Model B is perfectly consistent with current neutrino oscillation data in both
NO and IO cases. A generic feature of this model is that the best-fit value of Re τ is very small
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(i.e., Re τ = 0.0934 in the NO case and Re τ = 4.85 × 10−3 in the IO case). Moreover, one can
observe that φg ≈ 180◦ holds in the IO case, indicating that those two matrices in the square
brackets on the right-hand side of Eq. (3.19) contribute destructively to the Dirac neutrino mass
matrix MD but lead to significant CP-violating phases. Since the complex phases in the lepton
mass matrices are completely controlled by two complex parameters τ and g˜, we may be able to
establish a direct connection between the CP violation at low energies and that at the high-energy
seesaw scale, as will be shown in the next section.
3.3 Renormalization-group Running Effects
In this subsection, let us study radiative corrections to the flavor mixing parameters in our models
via the renormalization-group (RG) equations. Such a study is mainly motivated by the fact that
both the modular symmetry and the seesaw mechanism may work at a very high energy scale
ΛSS, whereas the flavor mixing parameters are measured at the electroweak scale characterized
by the mass of Z gauge boson mZ ≈ 91.2 GeV. As is well known, the RG running effects could
be significant, particularly for the nearly-degenerate neutrino mass spectrum and a large value
of tan β [72]. Actually the RG running effects have already been considered in the models with
a modular symmetry in Ref. [31], while those in the MSM without modular symmetries can be
found in Ref. [73]. To be specific, we carry out a quantitative analysis of running effects on the
flavor mixing parameters for Model B in both NO and IO cases, and explain how large the RG
running effects can be in this model for tan β = 10. For illustration, the value tan β = 10 has
simply been chosen in accordance with our discussions about the matter-antimatter asymmetry
in the next section.
In the flavor basis where the charged-lepton Yukawa coupling matrix Y˜l ≡ Diag{ye, yµ, yτ}
with yα =
√
2mα/vd (for α = e, µ, τ) is diagonal, the Dirac neutrino Yukawa coupling matrix
turns out to be Y˜ν = U
†
l Yν , where the diagonalization of the original charged-lepton Yukawa
coupling matrix Yl via U
†
l YlY
†
l Ul = Y˜
2
l should be noticed. Below the seesaw scale ΛSS, heavy
right-handed neutrinos will be integrated out, and thus the effective neutrino mass parameter
is given by M ≡ U †l YνM−1R Y Tν U∗l . Therefore, the radiative corrections to lepton flavor mixing
parameters are governed by the one-loop RG equations of Y˜l and M [74–79], namely,
16pi2
dY˜l
dt
=
[
αl + 3
(
Y˜lY˜
†
l
)]
Y˜l , (3.23)
16pi2
dM
dt
= ανM+
[(
Y˜lY˜
†
l
)
M+M
(
Y˜lY˜
†
l
)T]
, (3.24)
where t ≡ ln(µ/ΛSS) with µ being the renormalization scale, αl = −1.8g21 − 3g22 + 3Tr(YdY †d ) +
Tr(Y˜lY˜
†
l ) and αν = −1.2g21 − 6g22 + 6Tr(YuY †u ). Notice that g2 and g1 represent respectively
the SU(2)L and U(1)Y gauge couplings, Yu and Yd denote the up- and down-type quark Yukawa
coupling matrices. From Eq. (3.23), one can easily observe that Y˜l remains to be diagonal during
the RG running. As a result, the running of M is responsible for the corrections to neutrino
masses and lepton flavor mixing [73].
Now that only the diagonal elements on both sides of Eq. (3.23) survive in the chosen flavor
basis, the corresponding three differential equations can be solved. Then the solutions to the RG
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Figure 6: Illustration for the relative changes ∆pi/pi ≡ [pi(mZ)− pi(ΛSS)]/pi(ΛSS) of lepton flavor
mixing parameters pi = {|∆m221/∆m231|, θ12, θ13, θ23, δ, σ}, running from the high-energy scale ΛSS
to the electroweak scale mZ in Model B. The results in the NO and IO case are shown in the left
and right panel, respectively, where the high-energy scale ΛSS varies from 10
5 GeV to 1015 GeV
and tan β = 10 is fixed.
equations in Eq. (3.24) can be found out with the help of the following two evolution functions [73]
Iν = exp
[
− 1
16pi2
∫ ln(ΛSS/mZ)
0
αν(t)dt
]
,
Iα = exp
[
− 1
16pi2
∫ ln(ΛSS/mZ)
0
y2α(t)dt
]
, (3.25)
with yα (for α = e, µ, τ) being the charged-lepton Yukawa couplings. It is straightforward to
derive the approximate solution to Eq. (3.24) as follows
M(mZ) = Iν
Ie 0 00 Iµ 0
0 0 Iτ
M(ΛSS)
Ie 0 00 Iµ 0
0 0 Iτ
 , (3.26)
where Iν affects only the absolute scale of light neutrino masses while Iα (for α = e, µ, τ) can
modify both neutrino masses and flavor mixing parameters. Since the electron and muon Yukawa
couplings are extremely small, Ie ≈ Iµ ≈ 1 holds as an excellent approximation and Iτ contributes
dominantly to the running effects of M. By using Eq. (3.26), one can easily obtain M(mZ) at
the electroweak scale, given the input M(ΛSS) at the seesaw scale.
In order to illustrate how the radiative corrections affect the flavor mixing parameters, we
have numerically solved the RG equations in Model B. The basic strategy is to take the best-fit
values of model parameters obtained in the previous subsection as the initial conditions at the
seesaw scale ΛSS, and then calculate the corresponding values of low-energy observables at mZ
via the RG running. The final numerical results are shown in Fig. 6, where we have introduced
the relative changes ∆pi/pi ≡ [pi(mZ) − pi(ΛSS)]/pi(ΛSS) of the flavor mixing parameters pi =
{|∆m221/∆m231|, θ12, θ13, θ23, δ, σ} with ΛSS varying from 105 GeV to 1015 GeV and tan β = 10.
From the left panel of Fig. 6 for the NO case, one can see that the RG running effects of all the
20
Table 4: Comparison between the best-fit values of {|∆m221/∆m231|, θ12, θ13, θ23, δ, σ} at the seesaw
scale ΛSS = 10
7 GeV and their corresponding values at the electroweak scale mZ = 91.2 GeV after
taking into account the RG running in both the NO and IO cases for Model B, where tan β = 10
is assumed.
|∆m221/∆m231| θ12/◦ θ13/◦ θ23/◦ δ/◦ σ/◦
NO
ΛSS 0.0293 34.1 8.60 47.9 231 98.6
mZ 0.0293 34.1 8.61 47.9 231 98.6
IO
ΛSS 0.0306 33.9 8.70 48.3 301 57.0
mZ 0.0297 34.6 8.70 48.2 299 56.2
flavor mixing parameters are negligible. Even for the extremely-high seesaw scale ΛSS = 10
15 GeV,
the relative changes of all parameters at the electroweak scale are no more than 0.2%. In the
IO case, relatively large corrections to the flavor mixing parameters are obtained, especially for
|∆m221/∆m231| and θ12, as shown in the right panel of Fig. 6. For instance, the relative changes
for |∆m221/∆m231| and θ12 can be larger than 5% when ΛSS is at 1015 GeV. However, for a
relatively low seesaw scale (e.g., ΛSS ∼ 107 GeV), the running effects are also small in the IO
case. For comparison, we list in Table 4 the best-fit values of lepton flavor mixing parameters at
the seesaw scale ΛSS = 10
7 GeV, together with the corresponding values at the electroweak scale
mZ = 91.2 GeV, in both NO and IO cases for Model B with tan β = 10. One can immediately
recognize that the RG running effects in the IO case are less than 3%. It is worthwhile to mention
that we have not attempted to thoroughly investigate the RG running effects by varying the tan β
value. A systematic study of the RG running together with the supersymmetric threshold effects
is interesting [31] and will be left for future works.
4 Matter-antimatter Asymmetry
As is well known, another salient feature of the canonical seesaw model with heavy right-handed
neutrinos is offering a natural and attractive framework to explain the observed matter-antimatter
asymmetry in our Universe via thermal leptogenesis [58,80]. The basic idea is that the CP-violating
and out-of-equilibrium decays of heavy Majorana neutrinos in the early Universe generate the lep-
ton number asymmetry, which will be subsequently converted into the baryon number asymmetry
by the baryon- and lepton-number-violating sphaleron processes [81–83]. In the conventional sce-
nario of thermal leptogenesis in the MSM, a strong mass hierarchy for two heavy Majorana neu-
trinos N1 and N2 is assumed, i.e., M1 M2, such that the lepton number asymmetry produced in
the decays of the heavier Majorana neutrino N2 will be washed out by the lepton-number-violating
processes mediated by the lighter one N1. Therefore, it is the lightest heavy Majorana neutrino
N1 that is responsible for the matter-antimatter asymmetry and a successful leptogenesis requires
a very large mass of N1, e.g., M1 & (1011 · · · 1013) GeV [84,85].
The viable scenario of thermal leptogenesis with such high-scale masses of heavy Majorana
neutrinos needs the reheating temperature in the post-inflation era to be high enough Trh & M1
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so as to thermalize the heavy Majorana neutrino N1. Nevertheless, such a high reheating temper-
ature may cause the overproduction problem of gravitinos in the gauge-mediated supersymmetric
models [64–66]. To avoid this problem in our models with the modular S4 symmetry, we can lower
the seesaw scale down to ΛSS ∼ 107 GeV by implementing the resonant leptogenesis [59–63], for
which a nearly-degenerate mass spectrum M2 ≈ M1 for two heavy Majorana neutrinos is neces-
sary. In the following discussions, we shall demonstrate that the resonant leptogenesis works well
only in Model B but not in Model A.
First, we have to figure out the mass spectrum of two heavy Majorana neutrinos. Given the
mass matrix MR of neutrinos in Eq. (3.20) for Model B, which is exactly the same as that in
Eq. (3.4) for Model A, one can immediately diagonalize it via U †RMRU
∗
R = Diag{M1,M2}, where
Mi denotes the mass eigenvalues of the heavy Majorana neutrinos Ni (for i = 1, 2) and the unitary
matrix UR is given by
UR =
1√
2
(
i i
1 −1
)(
ei(ψ−ϕ)/2 0
0 1
)
, (4.1)
with ψ ≡ arg[Y ∗1 (τ) − iY ∗2 (τ)] and ϕ ≡ arg[Y ∗1 (τ) + iY ∗2 (τ)]. The masses of two heavy Majorana
neutrinos are found to be M1,2 = Λ
√|Y1(τ)|2 + |Y2(τ)|2 ∓ 2Im[Y ∗1 (τ)Y2(τ)], which depend solely
on the modulus parameter τ . Notice that we always assume M1 to be the lighter one of two
mass eigenvalues, so Im[Y ∗1 (τ)Y2(τ)] > 0 should be satisfied. For Im[Y
∗
1 (τ)Y2(τ)] < 0, two mass
eigenvalues have to be changed as M1,2 = Λ
√|Y1(τ)|2 + |Y2(τ)|2 ± 2Im[Y ∗1 (τ)Y2(τ)] and thus the
diagonalizing unitary matrix in Eq. (4.1) should be replaced by
UR =
1√
2
(
i i
1 −1
)(
ei(ψ−ϕ)/2 0
0 1
)(
0 1
1 0
)
. (4.2)
As we have already seen from the previous section, Re τ can be restricted to very small values by
neutrino oscillation data. In the limit of Re τ → 0 and Im τ > 0, the modular forms Y1(τ) and
Y2(τ) in Eq. (A.16) well approximate to
Y1(τ) ≈ −
3pi
8
, Y2(τ) ≈ 3
√
3pit2(1 + ipiRe τ) , (4.3)
where t ≡ e−(piIm τ)/2 is defined and only the terms up to O(t2) are retained. Taking the best-fit
value of Im τ = 1.36 (or 1.13) in the NO (or IO) case, we get t = 0.12 (or 0.17) and thus it is safe
to neglect higher-order terms of O(t4). With the help of Eq. (4.3), we can obtain
tan
(
ψ − ϕ
2
)
≈ 8
√
3t2 , ∆ ≡ M2 −M1
M1
≈ 16
√
3pit2|Re τ | , (4.4)
where it is interesting to notice that the mass degeneracy parameter ∆ is proportional to |Re τ |
in the limit of Re τ → 0. Given t = 0.12 (or 0.17) in the NO (or IO) case, we have ∆ ∼ O(|Re τ |).
The correlation between the mass degeneracy parameter ∆ and Re τ in the NO and IO cases
of Model B is shown in the left panel of Fig. 7 and that of Fig. 8, respectively. As given by
Eq. (4.4), ∆ ∼ O(|Re τ |) is expected for small values of |Re τ |. Therefore, the correlation between
∆ and |Re τ | is perfectly linear in both NO and IO cases, and it is possible to obtain ∆ ∼ 10−5 (or
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∆ ∼ 10−6) for |Re τ | ∼ 10−5 (or |Re τ | ∼ 10−7) in the NO (or IO) case. We conclude that a strong
mass degeneracy of heavy Majorana neutrinos is allowed in Model B and this model is also well
consistent with neutrino oscillation data at low energies. However, the values of |Re τ | in Model
A are restricted by neutrino oscillation data to the region 0.38 < |Re τ | < 0.48, for which the
approximate expression of ∆ in Eq. (4.4) is no longer valid. Numerically, we find 1.25 < ∆ < 1.64
for 0.38 < |Re τ | < 0.48, implying that the resonant leptogenesis cannot work well in Model A.
Although for a relatively large value of ∆ in Model A the successful leptogenesis is still possible,
the lightest heavy Majorana neutrino mass will be required to be greater than 1011 GeV.
Next, we calculate the lepton number asymmetries of different lepton flavors from the CP-
violating decays of heavy Majorana neutrinos. Due to the interference between the tree- and
one-loop-level amplitudes, the asymmetries between the rates of heavy Majorana neutrino decays
Ni → `α +H and those of the CP-conjugate decays Ni → `α +H can be found [85]
iα ≡
Γ(Ni → `α +H)− Γ(Ni → `α +H)∑
α
[
Γ(Ni → `α +H) + Γ(Ni → `α +H)
] , (4.5)
where Γ(Ni → `α + H) and Γ(Ni → `α + H) denote the decay rates of Ni into leptons and anti-
leptons for α = e, µ, τ . In the MSSM, there are three extra sources of CP asymmetries ˜
iα
, iα˜
and ˜
iα˜
, arising from the decays of sneutrinos into leptons and Higgsinos, neutrinos into sleptons
and Higgsinos, and sneutrinos into sleptons and Higgs, respectively [86]. All these four types of
CP asymmetries are identical and can be expressed as [87–95]
iα =
1
8pi
(
Y˜ †ν Y˜ν
)
ii
∑
k 6=i
Im
{(
Y˜ν
)∗
αi
(
Y˜ν
)
αk
[(
Y˜ †ν Y˜ν
)
ik
f(xki) +
(
Y˜ †ν Y˜ν
)∗
ik
g(xki)
]}
, (4.6)
where xki ≡ M2k/M2i (for k, i = 1, 2 but k 6= i) and Y˜ν ≡ U †l YνU∗R with Yν ≡
√
2MD/vu being the
Dirac neutrino Yukawa coupling matrix. The effective coupling matrix Y˜ν has been obtained by
transforming into the basis where both the charged-lepton Yukawa coupling matrix and the heavy
neutrino mass matrix are diagonal. In Eq. (4.6), two relevant loop functions have been defined as
f(xki) =
√
xki
[
2(1− xki)
(1− xki)2 + r2ki
]
, (4.7)
g(xki) =
2(1− xki)
(1− xki)2 + r2ki
, (4.8)
where rki ≡ Γk/Mi with Γk = (Y˜ †ν Y˜ν)kkMk/(8pi) being the tree-level total decay width of Nk and it
serves as the regulator to remove any singularity in the limit of exact mass degeneracy M2k = M
2
i or
equivalently xki = 1 [59,60]. The contribution from vertex corrections has already been neglected
in Eq. (4.7). In view of ∆ ∼ |Re τ |  1, we have x21 ≡M22/M21 = (1 + ∆)2 ≈ 1 + 32
√
3pit2|Re τ |,
where the second identity in Eq. (4.4) has been used. Furthermore, if the condition ∆  rki
or equivalently (1 − xik)2  r2ki is satisfied, the loop functions in Eqs. (4.7) and (4.8) can be
approximately written as
f(x12) ≈ −f(x21) ≈ g(x12) ≈ −g(x21) ≈
1
16
√
3pit2|Re τ | , (4.9)
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where the resonant enhancement of the CP asymmetries from the one-loop self-energy corrections
can be realized by the high mass degeneracy of decaying heavy Majorana neutrinos.
It has been emphasized in Refs. [96, 97] that, apart from the resonant mixing of two nearly-
degenerate heavy Majorana neutrinos, the oscillations between different flavors of heavy neutrinos
offer a physically-distinct source of CP asymmetries. In the strong washout regime where the
initial lepton number asymmetries will be essentially destroyed, both mixing and oscillation sources
contribute additively and thus the total CP asymmetries totiα read
totiα = iα + 
osc
iα , (4.10)
where osciα denote the CP asymmetries stemming from heavy neutrino oscillations. The expressions
of these asymmetries take the same form as iα in Eq. (4.6) but with the different regulators in
the loop functions, which are defined as below [96]
roscki ≡
MiΓi +MkΓk
M2i
√
det[Re(Y˜ †ν Y˜ν)]
(Y˜ †ν Y˜ν)ii(Y˜
†
ν Y˜ν)kk
. (4.11)
Finally, we proceed to estimate the baryon number asymmetry via resonant leptogenesis. Since
we are interested in the scenario of thermal leptogenesis working at the energy scale of ΛSS ∼
Mi ≈ 107 GeV, the Yukawa interactions of muon and tau charged leptons turn out to be in
thermal equilibrium and the lepton asymmetries of different lepton flavors from Ni decays should
be distinguished [98–102]. The generation of the lepton number asymmetry in each flavor and its
subsequent depletion by the inverse decays and the lepton-number-violating scattering processes
should be studied by solving the complete set of Boltzmann equations [80, 85, 103]. As an order-
of-magnitude estimation, the baryon number asymmetry in the present Universe, characterized
by the baryon-to-photon ratio, is given by [103]
ηB ≈ −1.04× 10−2
∑
i
∑
α
totiα κiα , (4.12)
where κiα (for i = 1, 2 and α = e, µ, τ) are the efficiency factors taking account of the washout
effects on the lepton number asymmetries. In the scenario of resonant leptogenesis, both heavy
Majorana neutrinos will contribute significantly to the generation and washout of lepton number
asymmetries. Hence we have κ1α ≈ κ2α ≈ κ(Kα), and Kα ≡ K1α + K2α with Kiα ≡ PiαKi are
the flavor-dependent decay parameters, where Piα = |(Y˜ν)αi|2/(Y˜ †ν Y˜ν)ii and Ki = Γi/H(Mi) have
been defined. The Hubble parameter H(T ) = 1.66
√
g∗(T )T 2/Mpl is evaluated at the temperature
T = Mi, where Mpl = 1.2 × 1019 GeV is the Planck mass and g∗(T ) is the number of relativistic
degrees of freedom at the temperature T . Taking into account the particle content of the MSSM,
one gets g∗(T ) = 228.75 in the radiation-dominated epoch.
In the parameter space of our interest, where Re τ ∈ (−3.4 · · · − 1.8) × 10−5 or Re τ ∈
(3.9 · · · 5.0) × 10−7 in the NO or IO case in Model B is perfectly allowed by neutrino oscilla-
tion data, we can calculate the corresponding ranges of the decay parameters Kα, i.e.,
NO : 1.80 . Ke . 2.02 , 26.5 . Kµ . 28.5 , 12.8 . Kτ . 13.8 ; (4.13)
IO : 18.7 . Ke . 19.1 , 34.9 . Kµ . 35.6 , 36.5 . Kτ . 37.0 . (4.14)
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One can see from Eqs. (4.13) and (4.14) that except for Ke in the NO case, all the decay parameters
are much larger than 1. Therefore this points to the strong washout regime. Furthermore, if the
heavy Majorana neutrinos are in thermal equilibrium at T M1, we have [104,105]
ηB ≈ −1.04× 10−2
∑
α
(tot1α + 
tot
2α )κ(Kα) , (4.15)
with
κ(Kα) ≈
1
KαzB(Kα)
[
1− exp
(
−KαzB(Kα)
2
)]
, (4.16)
where zB(Kα) = 2 + 4K
0.13
α exp(−2.5/Kα). Note that the right-hand side of Eq. (4.16) is less by a
factor of one half when compared to the formula of κ(Kα) for the SM shown in Ref. [105], since the
associated inverse-decay reactions in the supersymmetric version of MSM will double the washout
rates, reducing the asymmetry by a factor of two [85].
With the help of Eq. (4.15), we are ready to compute the baryon number asymmetry ηB for
both NO and IO cases in Model B. For illustration, we fix the mass of N1 at M1 = 10
7 GeV and
tan β = 10. As we have explained before, the high mass degeneracy of heavy Majorana neutrinos
is required for resonant leptogenesis to work, and thus only small values of |Re τ | are viable. For
this reason, we first randomly choose the values of {Re τ, Im τ, g, φg} within their 1σ ranges allowed
by neutrino oscillation data and further impose the restriction 0 < |Re τ | < 10−4. Once the values
of {Re τ, Im τ, g, φg} are given, the coupling matrix Y˜ν and the heavy Majorana neutrino masses
can be immediately determined. Then, we calculate the CP asymmetries iα by using Eq. (4.6)
and the baryon-to-photon ratio ηB in Eq. (4.15). Finally, we compare the prediction for ηB with
the observed value
ηB = (6.131± 0.041)× 10−10 , (4.17)
from the latest Planck observations [57].
In the right panels of Fig. 7 and Fig. 8, we show our numerical results of ηB against the mass
splitting ∆ of two heavy Majorana neutrinos in the NO and IO cases of Model B, respectively.
The red dots represent the theoretical predictions for ηB, while the shaded band denotes the 1σ
range of the currently observed value of ηB in Eq. (4.17). In the chosen region of Re τ , the required
range of the mass degeneracy parameter ∆ for successful resonant leptogenesis is bounded by two
vertical dashed lines. From Fig. 7 and Fig. 8, we can observe that the observed baryon number
asymmetry can be well accommodated in Model B, if the mass degeneracy parameter ∆ is of
O(10−5) in the NO case or O(10−6) in the IO case. More specifically, ∆ should be lying in the
range of (2.26 · · · 3.74)×10−5 corresponding to −3.28×10−5 < Re τ < −1.83×10−5 in the NO case,
whereas 0.82× 10−6 < ∆ < 1.02× 10−6 corresponding to 3.91× 10−7 < Re τ < 5.01× 10−7 in the
IO case. Therefore, we conclude that Model B can successfully account for the baryon number
asymmetry in our Universe in both NO and IO cases via resonant leptogenesis at a relatively-low
energy scale ΛSS ∼ 107 GeV, thus avoiding the potential problem of the gravitino overproduction.
Although we have fixed the masses of heavy Majorana neutrinos at 107 GeV, it is straightforward
to see that an even lower mass scale can be realized by further reducing the mass degeneracy
parameter ∆ or equivalently Re τ .
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Figure 7: In the left panel, the correlation between the degeneracy parameter ∆ ≡ (M2−M1)/M1
and the real part Re τ of the modulus parameter has been shown for NO in Model B, while
the model predictions from resonant leptogenesis for the baryon-to-photon ratio ηB in the present
Universe are given in the right panel. The shaded region in the right panel denotes the 1σ range
of ηB ∈ (6.008 · · · 6.254)× 10−10 and two vertical dashed lines indicate the required range of ∆ for
successful leptogenesis, while the corresponding range of Re τ is also indicated in the left panel.
For illustration, M1 = 10
7 GeV and tan β = 10 have been assumed in numerical calculations.
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Figure 8: In the left panel, the correlation between the degeneracy parameter ∆ ≡ (M2−M1)/M1
and the real part Re τ of the modulus parameter has been shown for IO in Model B, while the
model predictions from resonant leptogenesis for the baryon-to-photon ratio ηB in the present
Universe are given in the right panel. The shaded region in the right panel denotes the 1σ range
of ηB ∈ (6.008 · · · 6.254)× 10−10 and two vertical dashed lines indicate the required range of ∆ for
successful leptogenesis, while the corresponding range of Re τ is also indicated in the left panel.
For illustration, M1 = 10
7 GeV and tan β = 10 have been assumed in numerical calculations.
A final remark on the correlation between low- and high-energy CP violation is helpful. Since
CP violation in our models is governed by two parameters Re τ and φg, they determine both the
sign of ηB and that of the Jarlskog invariant J ≡ sin θ12 cos θ12 sin θ23 cos θ23 sin θ13 cos2 θ13 sin δ
for leptonic CP violation in neutrino oscillations [106]. In Fig. 9, the 3σ ranges of Re τ and φg
allowed by neutrino oscillation data have been presented for NO (left panel) and IO (right panel),
but only the dark red dots lead to ηB > 0 and J < 0 in Model B. It is evident that we need
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Figure 9: Illustration for the 3σ allowed regions of Re τ and φg, which determine the sign of the
baryon-to-photon ratio ηB and that of the Jarlskog invariant J . In the left panel, the dark red
dots correspond to ηB > 0 and J < 0, while the light red ones to either ηB < 0 or J > 0, in the
NO case of Model B. The results in the IO case are shown in the right panel.
Re τ → 0− in the NO case (or Re τ → 0+ in the IO case) to guarantee ηB > 0 as well as J < 0,
the latter of which is preferred by the global-fit analysis of neutrino oscillation experiments in
Table 2. Moreover, the observed baryon number asymmetry also constrains the parameter space,
particularly that of Re τ , as indicated in Fig. 7 and Fig. 8, so we can explore its implications for the
Dirac CP-violating phase δ. Numerically, we find a very tight constraint, namely, 208◦ < δ < 212◦
in the NO case and 293◦ < δ < 299◦ in the IO case, which will be readily tested in the future
long-baseline accelerator neutrino oscillation experiments [106]. As we have explained in the last
section, if the RG running effects are taken into account, the allowed parameter space will be
changed at the percent level in the IO case, but essentially unchanged in the NO case.
5 Summary
The finite modular symmetry provides us with an attractive and novel way to understand lepton
flavor mixing, and has recently attracted a lot of attention. In this paper, we introduce the modular
S4 symmetry to the supersymmetric version of MSM, where only two heavy right-handed neutrino
singlets are added into the SM. Within this framework, two right-handed neutrino singlets are
assigned into the unique two-dimensional representation of the Γ4 ' S4 group. Two classes of
viable models are constructed to account for lepton mass spectra, flavor mixing, and the matter-
antimatter asymmetry.
First, to keep our models as economical as possible, we start with the lowest non-trivial weight
kY = 2 of all the relevant modular forms, namely, fe(τ), fµ(τ) and fτ (τ) for charged-lepton
Yukawa couplings, fD(τ) and f
′
D(τ) for the Dirac neutrino Yukawa couplings, and fR(τ) for the
right-handed neutrino mass matrix. It turns out the minimal set of the weights of these modular
forms allowed by current neutrino oscillation data is (ke, kµ, kτ , kD, kR) = (2, 4, 6, 6, 2). There are
two distinct forms of the triplet 3′ with a weight of 6, i.e., Y (6)3,1 and Y
(6)
3,2 . If only one of them is
included in the superpotential, we have found only two viable models, denoted as Model A and
Model B, for which the low-energy phenomenology has been studied in detail in Sec. 3. While
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Model A is consistent with the global-fit results of neutrino oscillation data only at the 3σ level
in the NO case, Model B works excellently in both NO and IO cases even at the 1σ level. We
also briefly discuss the scenario where both Y
(6)
3,1 and Y
(6)
3,2 are added in Model A and conclude
that the modified model can fit the experimental data even at the 1σ level. The allowed parameter
space of the model parameters, namely, the modulus parameter τ = Re τ + iIm τ and the coupling
constant g˜ = geiφg has been obtained. Moreover, the constrained regions of three neutrino mixing
angles {θ12, θ13, θ23} and two CP-violating phases {δ, σ}, as well as the predictions for the effective
neutrino masses mβ in beta decays and mββ in neutrinoless double-beta decays, are given. The
precision measurements of these parameters will be able to verify or rule out these economical
models. Furthermore, we examine the RG running effects of lepton flavor mixing parameters in
Model B, and find negligible corrections in the NO case but relative changes at the percent level
in the IO case.
Second, as the modular symmetry is intrinsically embedded in the supersymmetric theories,
we demonstrate that the resonant leptogenesis can be implemented to successfully explain the
observed baryon number asymmetry in our Universe, while avoiding the potential problem of the
gravitino overproduction usually encountered in the gauge-mediated supersymmetric models. We
find that the mass splitting of two heavy Majorana neutrinos is solely governed by the parameter
Re τ . As an excellent approximation, the mass degeneracy parameter ∆ ≡ (M2 − M1)/M1 is
proportional to |Re τ | in the limit of |Re τ |  1. The successful resonant leptogenesis at a
relatively-low seesaw scale can only be realized in Model B. The reason is simply that small
values of Re τ in Model A are excluded by neutrino oscillation data. For illustration, we choose
M1 = 10
7 GeV and tan β = 10, and show that the baryon number asymmetries ηB = (6.131 ±
0.041)× 10−10 can be well accommodated in Model B for −3.28× 10−5 < Re τ < −1.83× 10−5
in the NO case or 3.91×10−7 < Re τ < 5.01×10−7 in the IO case. Meanwhile, the observed value
of ηB implies a very narrow range of the Dirac CP-violating phase, namely, 208
◦ < δ < 212◦ in
the NO case and 293◦ < δ < 299◦ in the IO case. This is ready for test in the future long-baseline
accelerator neutrino oscillation experiments.
Further investigations of the resonant leptogenesis in our models by numerically solving the
complete set of Boltzmann equations will be interesting. In this connection, it is worth stressing
that successful thermal leptogenesis is one of the salient features of canonical seesaw models and
must be incorporated in the models with modular symmetries. As we have already seen, the baryon
number asymmetry as an observable offers an independent constraint on the model parameters.
Future precision data from neutrino oscillations, beta decays, neutrinoless double-beta decays and
cosmological observations will hopefully be able to further narrow down the parameter space and
test the theoretical predictions from modular symmetries.
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A The Γ4 ' S4 Symmetry Group
The permutation symmetry group S4 has twenty-four elements and five irreducible representations,
which are denoted as 1, 1′, 2, 3 and 3′. In the present work, we choose the same basis for the
representation matrices of two generators S and T as in Ref. [47], namely,
1 : ρ(S) = +1 , ρ(T ) = +1 ,
1′ : ρ(S) = −1 , ρ(T ) = −1 ,
2 : ρ(S) =
1
2
(
−1 √3√
3 1
)
, ρ(T ) =
(
1 0
0 −1
)
,
3 : ρ(S) = −1
2
 0
√
2
√
2√
2 −1 1√
2 1 −1
 , ρ(T ) = −
1 0 00 i 0
0 0 −i
 ,
3′ : ρ(S) = +
1
2
 0
√
2
√
2√
2 −1 1√
2 1 −1
 , ρ(T ) = +
1 0 00 i 0
0 0 −i
 .
(A.1)
In this basis, we can explicitly write down the decomposition rules of the Kronecker products of
any two S4 multiplets.
• For the Kronecker products of the singlet 1 or 1′ and another S4 multiplet r = {1,1′,2,3,3′}:
1⊗ r = r , (A.2)
1′ ⊗ 1′ = 1 , (A.3)
(ζ)1′ ⊗
(
ξ1
ξ2
)
2
=
(
ζξ2
−ζξ1
)
2
, (A.4)
(ζ)1′ ⊗
ξ1ξ2
ξ3

3
=
ζξ1ζξ2
ζξ3

3′
, (A.5)
(ζ)1′ ⊗
ξ1ξ2
ξ3

3′
=
ζξ1ζξ2
ζξ3

3
; (A.6)
• For the Kronecker products of the doublet 2 and another S4 multiplet:(
ζ1
ζ2
)
2
⊗
(
ξ1
ξ2
)
2
= (ζ1ξ1 + ζ2ξ2)1 ⊕ (ζ1ξ2 − ζ2ξ1)1′ ⊕
(
ζ2ξ2 − ζ1ξ1
ζ1ξ2 + ζ2ξ1
)
2
, (A.7)
(
ζ1
ζ2
)
2
⊗
ξ1ξ2
ξ3

3
=
 ζ1ξ1(√3/2)ζ2ξ3 − (1/2)ζ1ξ2
(
√
3/2)ζ2ξ2 − (1/2)ζ1ξ3

3
⊕
 −ζ2ξ1(√3/2)ζ1ξ3 + (1/2)ζ2ξ2
(
√
3/2)ζ1ξ2 + (1/2)ζ2ξ3

3′
, (A.8)
(
ζ1
ζ2
)
2
⊗
ξ1ξ2
ξ3

3′
=
 −ζ2ξ1(√3/2)ζ1ξ3 + (1/2)ζ2ξ2
(
√
3/2)ζ1ξ2 + (1/2)ζ2ξ3

3
⊕
 ζ1ξ1(√3/2)ζ2ξ3 − (1/2)ζ1ξ2
(
√
3/2)ζ2ξ2 − (1/2)ζ1ξ3

3′
; (A.9)
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• For the Kronecker products of the triplet 3 or 3′ and another S4 triplet:ζ1ζ2
ζ3

3
⊗
ξ1ξ2
ξ3

3
=
ζ1ζ2
ζ3

3′
⊗
ξ1ξ2
ξ3

3′
= (ζ1ξ1 + ζ2ξ3 + ζ3ξ2)1 ⊕
(
ζ1ξ1 − (1/2)(ζ2ξ3 + ζ3ξ2)
(
√
3/2)(ζ2ξ2 + ζ3ξ3)
)
2
⊕
 ζ3ξ3 − ζ2ξ2ζ1ξ3 + ζ3ξ1
−ζ1ξ2 − ζ2ξ1

3
⊕
ζ3ξ2 − ζ2ξ3ζ2ξ1 − ζ1ξ2
ζ1ξ3 − ζ3ξ1

3′
, (A.10)
ζ1ζ2
ζ3

3
⊗
ξ1ξ2
ξ3

3′
= (ζ1ξ1 + ζ2ξ3 + ζ3ξ2)1′ ⊕
(
(
√
3/2)(ζ2ξ2 + ζ3ξ3)
−ζ1ξ1 + (1/2)(ζ2ξ3 + ζ3ξ2)
)
2
⊕
ζ3ξ2 − ζ2ξ3ζ2ξ1 − ζ1ξ2
ζ1ξ3 − ζ3ξ1

3
⊕
 ζ3ξ3 − ζ2ξ2ζ1ξ3 + ζ3ξ1
−ζ1ξ2 − ζ2ξ1

3′
. (A.11)
With the above decomposition rules and the assignments of relevant fields and modular forms,
one can easily find out the Lagrangian invariant under the modular S4 symmetry group.
As has been mentioned in Sec. 2, there exist five linearly-independent modular forms of the
lowest non-trivial weight kY = 2, denoted as Yi(τ) for i = 1, 2, · · · , 5. They transform as a doublet
2 and a triplet 3′ under the S4 symmetry, namely [41],
Y2(τ) ≡
(
Y1(τ)
Y2(τ)
)
, Y3′(τ) ≡
Y3(τ)Y4(τ)
Y5(τ)
 . (A.12)
The expressions of modular forms can be derived with the help of the Dedekind η function [47]
η(τ) ≡ q1/24
∞∏
n=1
(1− qn) , (A.13)
with q ≡ e2piiτ , and its derivative [41]
Y (a1, . . . , a6|τ) ≡
d
dτ
[
a1 log η
(
τ +
1
2
)
+ a2 log η (4τ) + a3 log η
(τ
4
)
+ a4 log η
(
τ + 1
4
)
+ a5 log η
(
τ + 2
4
)
+ a6 log η
(
τ + 3
4
)]
,
(A.14)
with the coefficients ai (for i = 1, 2, · · · , 6) fulfilling a1 + · · ·+a6 = 0. More explicitly, we have [47]
Y1(τ) ≡ iY (1, 1,−1/2,−1/2,−1/2,−1/2|τ) ,
Y2(τ) ≡ iY (0, 0,
√
3/2,−
√
3/2,
√
3/2,−
√
3/2|τ) ,
Y3(τ) ≡ iY (1,−1, 0, 0, 0, 0|τ) , (A.15)
Y4(τ) ≡ iY (0, 0,−1/
√
2, i/
√
2, 1/
√
2,−i/
√
2|τ) ,
Y5(τ) ≡ iY (0, 0,−1/
√
2,−i/
√
2, 1/
√
2, i/
√
2|τ) ,
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which can be expanded as the Fourier series [47], i.e.,
Y1(τ) = −3pi
(
1/8 + 3q + 3q2 + 12q3 + 3q4 + 18q5 + 12q6 + 24q7 + 3q8 + 39q9 + · · · ) ,
Y2(τ) = 3
√
3piq1/2(1 + 4q + 6q2 + 8q3 + 13q4 + 12q5 + 14q6 + 24q7 + 18q8 + · · · ) ,
Y3(τ) = pi
(
1/4− 2q + 6q2 − 8q3 + 6q4 − 12q5 + 24q6 − 16q7 + 6q8 + 26q9 + · · · ) , (A.16)
Y4(τ) = −
√
2piq1/4(1 + 6q + 13q2 + 14q3 + 18q4 + 32q5 + 31q6 + 30q7 + 48q8 + · · · ) ,
Y5(τ) = −4
√
2piq3/4(1 + 2q + 3q2 + 6q3 + 5q4 + 6q5 + 10q6 + 8q7 + 12q8 + · · · ) .
Based on the modular forms Yi(τ) for i = 1, 2, . . . , 5 of weight kY = 2, one can construct the
modular forms of higher weights, such as kY = 4 and kY = 6. For kY = 4, there are totally
nine independent modular forms, which transform as 1, 2, 3 and 3′ under the S4 symmetry,
namely [47],
Y
(4)
1 = Y
2
1 + Y
2
2 , Y
(4)
2 =
(
Y 22 − Y 21
2Y1Y2
)
,
Y
(4)
3 =
 −2Y2Y3√3Y1Y5 + Y2Y4√
3Y1Y4 + Y2Y5
 , Y (4)3′ =
 2Y1Y3√3Y2Y5 − Y1Y4√
3Y2Y4 − Y1Y5
 , (A.17)
where the argument τ of all the modular forms is suppressed. For kY = 6, we have thirteen
independent modular forms, whose assignments under the S4 symmetry are as follows [47]
Y
(6)
1 = Y1(3Y
2
2 − Y 21 ) , Y (6)1′ = Y2(3Y 21 − Y 22 ) ,
Y
(6)
2 = (Y
2
1 + Y
2
2 )
(
Y1
Y2
)
, Y
(6)
3 =
 Y1(Y 24 − Y 25 )Y3(Y1Y5 +√3Y2Y4)
−Y3(Y1Y4 +
√
3Y2Y5)
 ,
Y
(6)
3′,1 = (Y
2
1 + Y
2
2 )
Y3Y4
Y5
 , Y (6)3′,2 =
 Y2(Y 25 − Y 24 )−Y3(Y2Y5 −√3Y1Y4)
Y3(Y2Y4 −
√
3Y1Y5)
 .
(A.18)
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